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Model
Bayesian estimation

Robust Bayes estimators

Let Xi,...,X, bei.i.d. random variables with a
distribution Py indexed by a real parameter 9.
We denote X = (X1,...,Xy).

Let (X,B,P) be a statistical space determined by X, where
X CR", Bis o-fieldof X and P={Py:9 €O =R}.

Let L(¥,d) be a loss function.

Let ¥ have a prior distribution 7(¥), defined on the
measurable space (©,Z).

The posterior distribution has a form w(J|x), for X = x.

We consider the problem of constructing the point Bayes
estimator of ¥ under L(¥,d).
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Bayesian estimation

e If X = x, then the posterior risk of d can be expressed as
Ry(m,d) = E™™[L(®,d)],

where E7X[.] denotes the expected value when 9 ~ 7(¥J|x) .
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Robust Bayes estimators

Bayesian estimation

e If X = x, then the posterior risk of d can be expressed as
Ry(m,d) = E™™[L(®,d)],

where E7X[.] denotes the expected value when 9 ~ 7(¥J|x) .

@ The Bayes estimator J™ satisfies

Ry(m,97) = inf Ry(md).
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Information on the appropriate prior is often too inadequate to
specify a prior distribution unambiguously.

A
The problem of expressing uncertainty regarding prior information
can be solved by using a class I of prior distributions.
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Bayesian estimation
Robust Bayes estimators

Prior robustness

Information on the appropriate prior is often too inadequate to
specify a prior distribution unambiguously.

| N

The problem of expressing uncertainty regarding prior information
can be solved by using a class I of prior distributions.

| \

Assume that the prior 7(¢)) belongs to the class T.

A
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Let F(m,d) be a posterior functional. The optimal decision U satisfies

F(m,9) = inf sup F(m,d).
sup (m,9) JEDS“F’ x(m, d)
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@ the conditional -minimax estimator

F x(7,d)=R x(7,d),
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[ -minimax estimators

Let F(m,d) be a posterior functional. The optimal decision U satisfies

F(m,9) = inf sup F(m,d).
sup (m,9) dlgDsup x(m, d)

@ the conditional -minimax estimator
F(m,d)=R x(,d),
@ the posterior regret [-minimax estimator

F «(m,d)=R x(,d)—R x(m,97),
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[ -minimax estimators

Let F(m,d) be a posterior functional. The optimal decision U satisfies

F(m,9) = inf sup F(m,d).
sup (m,9) dlgDsup x(m, d)

@ the conditional -minimax estimator
Fx(m,d)=R x(,d),

@ the posterior regret [-minimax estimator

F o(m,d)=R «(m,d)—R (0,97,

@ the most stable estimator

F o(m,d)=sup,. ¢r Re(m,d)—infrer Re(m,d).
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Prior and loss robustness

It could be also interesting to take into consideration a sensitivity
analysis with uncertainty in both: the prior distribution and the
loss function.

Agnieszka Kamiriska and Zdzistaw Porosiriski Prior and loss robustness for varoius loss functions



Introduction
Model
Bayesian estimation
Robust Bayes estimators

Prior and loss robustness

A
It could be also interesting to take into consideration a sensitivity
analysis with uncertainty in both: the prior distribution and the
loss function.

A
Assume that the prior 7()) belongs to the class I and the
loss function L(4J,d) is in the class L.
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Prior and loss robustness

It could be also interesting to take into consideration a sensitivity
analysis with uncertainty in both: the prior distribution and the
loss function.

| \

Assume that the prior 7()) belongs to the class I and the
loss function L(4J,d) is in the class L.

| \

A review of available robust estimators in £ x ' can be found in
Arias et al. (2009).

A
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L X [-minimax estimators

Let F,(m,d) be a posterior functional. The optimal decision 3, satisfies

sup fx(w,g) = inf  sup F(m d).
(Lm)eLxr d€D (L ryeLxr

@ the conditional £ x '-minimax estimator
Fx(m,d)=R x(,d),

@ the posterior regret £ x -minimax estimator

F o(m,d)=R «(m,d)—R (0,97,

@ the most stable £ x -minimax estimator

Fo(m,d)=sup nyecxr Re(m,d)=inf( myecxr Re(m,d).
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

Symmetric loss function
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

The symmetric loss functions

@ The unbounded square-error loss function SE

Lse(d, d) =~ (d — 9)?
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The symmetric loss functions

@ The unbounded square-error loss function SE

Lse(d, d) =~ (d — 9)?

@ The bounded reflected normal loss function RN

Lrn(9,d) =K | 1 — e_V(d_W}
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

The symmetric loss functions

@ The unbounded square-error loss function SE

Lse(d, d) =~ (d — 9)?

@ The bounded reflected normal loss function RN

Len(d,d) = K [1 = e (4=

~ - shape parameter, K - maximum loss.
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Normal model

o X =(Xg,...,X,) «~ N(9,72), where 72 > 0 is known.
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Normal model

o X =(Xg,...,X,) «~ N(9,72), where 72 > 0 is known.

o ¥« m(d) = N(u,o?).
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Normal model

o X =(Xg,...,X,) «~ N(9,72), where 72 > 0 is known.
o ¥« m(d) = N(u,o?).
o ¥« m(d|x) = N(un,07)

pn=rx+(1—r)u, o2 =712r/n

where r = no?/(no® 4 7°).
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Class of prior

Let 9 have a prior distribution in the following class

Foo ={m(9): w(9)=N(u,08), ne(un)}
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

Class of prior
Let 9 have a prior distribution in the following class

Foo ={m(9): w(9)=N(u,08), ne(un)}

Class of loss for SE
We considered the following class of loss functions

Lsg={ LW, d): Lse(d,d)=v(d—9)? ve(x.7)}

| A\
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Class of prior

Let 9 have a prior distribution in the following class

Foo ={m(9): w(9)=N(u,08), ne(un)}

Class of loss for SE
We considered the following class of loss functions

Lsg={ LW, d): Lse(d,d)=v(d—9)? ve(x.7)}

| A\

| A\

Class of loss for RN
We considered the following class of loss functions

Lery = { L(9,d) : Lrn(9,d) = K [1 . e—v(d—ﬂ)z} e () )

4

Agnieszka Kamiriska and Zdzistaw Porosiriski Prior and loss robustness for varoius loss functions



Symmetric loss function SE & RN
Normal model
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Prior and loss robustness
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for SE

] FUO (Boratyriska and Meczarski 1994)
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Results for SE

] FUO (Boratyriska and Meczarski 1994)
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

] FJO (Kamiriska 2008a)
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

] FJO (Kamiriska 2008a)

o Lry X FGO (Kamiriska and Porosiriski 2009)
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

If Lry % T4, is the class of loss functions and prior distributions,
then the posterior regret L X [-minimax estimator under the RN
loss function can not be always calculated analytically.
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

If Lry % T4, is the class of loss functions and prior distributions,
then the posterior regret L X [-minimax estimator under the RN
loss function can not be always calculated analytically.

Proof

5 5 — 2
Posterior risk:  Ry(m,d)=1———L1— exp{f'y M} :
1+2'ya%

Agnieszka Kamiriska and Zdzistaw Porosiriski Prior and loss robustness for varoius loss functions



Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

If Lry % T4, is the class of loss functions and prior distributions,
then the posterior regret L X [-minimax estimator under the RN
loss function can not be always calculated analytically.

Proof

T a1 _, (d=un)?
Posterior risk: R (m,d)=1 — exp{ e }

g . _ 1 _ _, (d=pn)?
Posterior regret: f(d,’y,un)—m {1 exp{ (e H .
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

If Lry % T4, is the class of loss functions and prior distributions,
then the posterior regret L X [-minimax estimator under the RN
loss function can not be always calculated analytically.

Proof

T a1 _, (d=un)?
Posterior risk: R (m,d)=1 — exp{ (s }

g . _ 1 _ _, (d=pn)?
Posterior regret: f(d,y,un)_m {1 exp{ (e H :

Our goal is to find:

infgep SUP(~,1n)€ Q f(da Vs ,un),

where Q=(v.7)x(u, 7,) -
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

f(d,’y,y,,,):# |:1—exp{_ry M}} .

2
1+2wo’% 1+2vop
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Symmetric loss function SE & RN

Normal model
Prior and loss robustness

2
f(dypn)=——=— {Pexp{ﬂ {d-pn) H

1+2'yo',2,

For any fixed d, let f(d,~, un) = h(v, itn)
° 6‘% >0 & pup>d, but h(vy,d) =0 thus h has no extremum
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

2
F(d v pin)=——2 | 1—exp{ —vy {d=tn) H
(CRAT Tzwz{ p{ v

For any fixed d, let f(d,~, un) = h(v, itn)
° 6‘% >0 < up,>d, but h(y,d) =0 thus h has no extremum
o h(v,pn) >0 for v >0 and d # p,-

Agnieszka Kamiriska and Zdzistaw Porosiriski Prior and loss robustness for varoius loss functions



Symmetric loss function SE & RN
Normal model

Prior and loss robustness

2
f(d;%ﬂn): L {lfexp{f'y (d—#n)Q }:| o

For any fixed d, let f(d,~, un) = h(v, itn)
° 6‘% >0 < up,>d, but h(y,d) =0 thus h has no extremum

o h(v,pn) >0 for v >0 and d # p,-

Since h(0, 1) =0 and limy_oc h(7y, itn) = 0 thus h has at least one
local maximum as the function of ~.
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

2
f(dypn)=——=— {Pexp{ﬂ it H

For any fixed d, let f(d,~, un) = h(v, itn)
° 6‘% >0 < up,>d, but h(y,d) =0 thus h has no extremum

o h(v,pn) >0 for v >0 and d # p,-

Since h(0, 1) =0 and limy_oc h(7y, itn) = 0 thus h has at least one
local maximum as the function of ~.

Let suppose that for v € (v,%) functions h(v, ) and h(v,7,) have the

maxima at points y; and ~;, respecivly. Then
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

2
f(dypn)=——=— {Pexp{ﬂ it H

1+2vy0f
For any fixed d, let f(d,~, un) = h(v, itn)

° 6‘% >0 < up,>d, but h(y,d) =0 thus h has no extremum

o h(v,pn) >0 for v >0 and d # p,-

Since h(0, 1) =0 and limy_oc h(7y, itn) = 0 thus h has at least one
local maximum as the function of ~.

Let suppose that for v € (v,%) functions h(v, ) and h(v,7,) have the
maxima at points y; and ~,, respecivly. Then
F(drnfi,)  d<(u +7,)/2

infaep sup(y,pi,)eq fd,7: un) = infaep { F(dyon ) d>(u +7,)/2
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

2
f(d;%ﬂn): L |:178Xp{7’y (d—#n)2 }:| a

1+2vy0f
For any fixed d, let f(d,~, un) = h(v, itn)
° 6‘% >0 < up,>d, but h(y,d) =0 thus h has no extremum

o h(v,pn) >0 for v >0 and d # p,-

Since h(0, tn) =0 and limy_o h(7, n) =0 thus h has at least one
local maximum as the function of ~.

Let suppose that for v € (v,%) functions h(v, ) and h(v,7,) have the
maxima at points y; and ~,, respecivly. Then
F(drnfi,)  d<(u +7,)/2

infaep sup(y,pi,)eq fd,7: un) = infaep { F(doyp ) d>(p +1,)/2

is reached for d that is solution of f(d,v1,%,) = f(d,vg,un).
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

If Lrn % T4, is the class of loss functions and prior distributions,
then the most stable £ x [-minimax estimator under the RN loss
function does not exist.

Agnieszka Kamiriska and Zdzistaw Porosiriski Prior and loss robustness for varoius loss functions



Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

If Lrn % T4, is the class of loss functions and prior distributions,
then the most stable £ x [-minimax estimator under the RN loss
function does not exist.

Proof
T P o =) |
Posterior risk:  Ry(m,d)=1 mexp{ (v }—f(d,'y,,un).
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Symmetric loss function SE & RN
Normal model
Prior and loss robustness

Results for RN

If Lrn % T4, is the class of loss functions and prior distributions,
then the most stable £ x [-minimax estimator under the RN loss
function does not exist.

Proof

R ke T P o =) |
Posterior risk:  Ry(m,d)=1 —— exp{ (v }—f(d,'y,,un).

Our goal is to find:

indeD [Sup(ry,p‘n)e Q f(dv’Yv/"/n) 7inf('y,/,l‘n)€ Q f(d,’)/,,un)],

where Q=(v.7)x(p .7,) -
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Symmetric loss function SE & RN

Normal model
Prior and loss robustness

(d — Mn)2

1
Ji12702 U7 142902

f(d7’77:u’f7) = 1 -
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

1 (dﬁ‘n)2}
f(d,v,bn) =1 — ———=expy—7 +———5 ¢ -
(7, pn) V14 2y02 p{ 7 142702
ftn)

For any fixed d, let f(d,~, 1un) = h(y
,d)

)y N
° % >0 & pp>d, but h(v,d) =0 thus h has no extremum
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

1 (dﬁ‘n)2}
F(d,y, i) =1 — ————expd —y — L L
(d,7, fn) V1 + 2702 p{ T 12502

For any fixed d, let f(d,~, un) = h(, in)
° ;—:ﬂ >0 & pp>d, but h(v,d) =0 thus h has no extremum

o >0 & 02(14+2902) + (u-d?>0 for any .
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SE & RN
Normal model
Prior and loss robustness

Symmetric loss function

1 (d — pn)? }
fld,v,ppn) =1 — ——exp{ —7 ~———2= ¢ .
(d,7, n) T+ 2702 p{ 1+ 2y02
For any fixed d, let f(d,~, ttn) = h(y, ptn)
° (%’n >0 & pnp>d, but h(v,d) = 0 thus h has no extremum
o >0 © 02142102+ (u-)?>0 for any .
Thus

sup  h(v, pn) =

(v,un)E@

{ W), d<(u, +7,)/2
hTE),  d> ()2

Prior and loss robustness for varoius loss functions
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Symmetric loss function SE & RN

Normal model
Prior and loss robustness

1 (dﬁ‘n)2}
f(d,v,bn) =1 — ———=expy—7 +———5 ¢ -
(d,7, pn) 1+ 2702 p{ 7 142702

For any fixed d, let f(d,~, un) = h(, in)
° (%’n >0 & pp>d, but h(v,d) =0 thus h has no extremum

o >0 & 02(14+2902) + (u-d?>0 for any .
Thus

sup  h(7y, pn) =

{ W), d<(u, +7,)/2
(’Y?H")EQ

h(Viin),  d> (1, +H,)/2

h(v.p,), d<p,
inf  h(y,pun) = hyd), p,<d<p, -
(’Y7MH)GQ h(’y,ﬂn)7 d>ﬂn
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Symmetric loss function SE & RN

Normal model
Prior and loss robustness
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

_ 1 (d Nn)2
F(dypn) =1 = ———e p{ I iraer |

f(dyp,)—f(dap) d<p
deD f(dn/gn) f(dmd) (p,tH,)/2<d <, deD
f(dyp )—f(dy.m,), d>n,
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

_ 1 (d Nn)2
F(dypn) =1 = ———e p{ I iraer |

f(dyp,)—f(dap) d<p

deD | f(d7, gn) f(dmd) (p,tH,)/2<d <, deD
f(dyp,)—f(dym,), d>m,

e p(d)>0
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Symmetric loss function SE & RN

Normal model
Prior and loss robustness

_ 1 (d Nn)2
F(dypn) =1 = ———e p{ I iraer |

f(d7.mn)—f(doy,p ), d<p_
. f(djﬁ) f(d,d), gn<i§(gn+ﬁn)£2 — inf p(d).
deD | f(dAp )—f(dyd), (p +F,)/2<d<E, deD
f(dA.p,)~f(dyR,), d>M,
e p(d)>0

o limy,_ p(d)=1-1=0
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Symmetric loss function SE & RN
Normal model

Prior and loss robustness

_ 1 (d Nn)2
F(dypn) =1 = ———e p{ I iraer |

-

(dﬁﬁ ) f(dvlvﬁn)v dgﬁn
inf f(d jﬁ ) f(d7l7d)’ Hn < ig (Hn+ﬁn)£2 — Inf p(d)
deD f(d"/ﬁn) f(d717d)7 (E"+/~Ln)/2<d§ﬁ’1n deD
f(dyp,)—fdym,), d>M,
e p(d)>0

o limy,_ p(d)=1-1=0
o Iimd_,oo p(d)
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Symmetric loss function SE & RN

Normal model
Prior and loss robustness

_ 1 (d Nn)2
F(dypn) =1 = ———e p{ I iraer |

f(d7.mn)—f(doy,p ), d<p_
. f(djﬁ) f(d,d), gn<i§(gn+ﬁn)£2 — inf p(d).
deD | f(dAp )—f(dyd), (p +F,)/2<d<E, deD
f(dA.p,)~f(dyR,), d>M,
e p(d)>0

o limy,_ p(d)=1-1=0
o Iimd_,oo p(d) =0
thus the most stable estimator does not exist.
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ABL
Asymmetric loss function ABL Exponential family

Prior and loss robustness

Asymmetric loss function ABL
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

The asymmetric loss function

The bounded and asymmetric loss function ABL

where p is a shape parameter and K denotes the maximum loss.
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

o Let X ~ Py € P with densities of the form
po(y) = c(y) 9t e==0I?  yeR 9 >0
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

o Let X ~ Py € P with densities of the form
po(y) = c(y) 9 eI yeR 9>0
@ Representation of the family P

Distribution t(y) s(y) ps(y)
Poisson P(¥) y 1 %efﬁ
Exponential E(¥) 1 y 0 e
Gamma G(x, ) X y %yx_l e
Normal N(u,%) % % % ei(y;#)Zﬁ
Pareto Pa(\,9) 1 In ¥ ;95\;91
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

Bayesian approach to a statistical problem requires defining a prior
distribution over a parameter space. Let

o m(¥) = G(a, B)
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

Bayesian approach to a statistical problem requires defining a prior
distribution over a parameter space. Let

o m(¥) = G(a, B)

We assume the conjugate family of prior distribution, thus
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ABL
Asymmetric loss function ABL Exponential family

Prior and loss robustness

Bayesian approach to a statistical problem requires defining a prior
distribution over a parameter space. Let

o 7(¥) = G(a, B)

We assume the conjugate family of prior distribution, thus

o 71(V|x) =G(a+ T,B+S) =G(an,Bn) for X =x

T=T(kx)=>"1tx), S=5S(x)=>s(x)
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

Class of prior

Let 9 have a prior distribution in the following class

I_040 = {71-(19) : 7T(19) = g(O‘O:ﬂ)? B e (ﬁ?ﬁ)? g < B }7
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ABL
Asymmetric loss function ABL Exponential family

Prior and loss robustness

Class of prior
Let 9 have a prior distribution in the following class

I_040 = {71-(19) : 7T(19) = g(O‘O:ﬂ)? B e (ﬁ?ﬁ)? g < B }7

Class of loss

| A\

We considered the following class of loss functions

Lam = 1100,): L) =K [1- (58 )") pe )

4
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

Results for ABL - the conditional estimator

] Fao (Kamiriska and Porosiriski 2008b)

D¢0+TT()X) ao+TT()X)

3 _ 3PR _ 35S _ (B+T(x)) @0FtTH+P —(B45(x)) “0+tTM+r

v =19 =1 =P - a+T() ot k)
(B+5(x)) " 20tTCITe —(54S(x)) 0t TCI+e
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

Results for ABL - the conditional estimator

] Fao (Kamiriska and Porosiriski 2008b)

D¢0+T(x) ap+T(x)

T _ gPR _ 35 (B+T(x)) “0+T0I+P —(B4S(x)) a0+ TCI+e
- - - B 1— aQ+T( ) 1— @0t T(x)
(B+S(x))  «0+TWIH+r —_(B+S(x)) @0*+TCI+e

o Lap X I'ao (Kamiriska and Porosiriski 2009)

_ ogtT(x) . _ oagtT(x)
9 = o (é+5(x)) 0 tTOHP —(B+5(x)) 0t TCI+P
L= FP agtT(x) QT T(x)

(B+S(x)) " F0HTOI7 —(515(x)) | B0+ TC)47
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ABL
Asymmetric loss function ABL Exponential family
Prior and loss robustness

Results for ABL

If LapL X T, is the class of loss functions and prior distributions,
then the posterior regret L X [-minimax estimator under the ABL
loss function can not be always calculated analytically.
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ABL
Asymmetric loss function ABL Exponential family

Prior and loss robustness

Results for ABL

Theorem

If LapL X T, is the class of loss functions and prior distributions,
then the posterior regret L X [-minimax estimator under the ABL
loss function can not be always calculated analytically.

Theorem

| A

If LapL % T, is the class of loss functions and prior distributions,
then the most stable L x [-minimax estimator under the ABL loss
function does not exist.
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Remarks

Remrks
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Remarks

Remrks

If the posterior risk is strictly increasing function of parameter of
the loss function, then the conditional £ x -minimax estimator
has the same form as the conditional '-minimax estimator.
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Remarks

Remrks

Is it true?

If the posterior risk is strictly increasing function of parameter of
the loss function, then the conditional £ x -minimax estimator
has the same form as the conditional '-minimax estimator.

Is it true?
The most stable estimator does not exist for the bounded loss
functions.

| A\
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